Vo - T
I Y\/ IIT-JEE|AIEEE I
' MOTION:" maTHEMATICS |
: Nurturing potential through education TAR@ET DDT J]EE :
| I
| I
I I
| SEQUENCE & SERIES |
i THEORY AND EXERCISE BOOKLET i
| I
I I
| I
CONTENTS —o—o 1
4

| I
] S.NO. TOPIC PAGE NO. [

¢ THEORY WITH SOLVED EXAMPLES .......ccccoiiiiiiiiiicisccsccscscias 3-33

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
VRS No. 0744-2439051, 0744-2439052, 0744-2439053 www.motioniitjee.com, email-info@motioniitjee.com




JEE Syllabus :

Arithmetic, geometric and harmonic progressions, arithmetic, geometric and harmonic means, sums of
finite arithmetic and geometric progressions, infinite geometric series, sums of squares and cubes of the
first n natural numbers.

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564

IVRSNo. 0744-2439051, 0744-2439052, 0744-2439053 www.mationiitj ee.com, email-info@motioniitjee.com




| SEQUENCE & SERIES | Page # 3

A.

Ex.

Sol.

SEQUENCE

A sequence is a set of terms in a definite order with a rule for obtaining the terms.

eg. 1,1/2,1/3, ....... , 1/n, ol is a sequence .

A sequence is a function whose domain is the set N of natural humbers. Since the domain for every
sequence is the set of N natural numbers, therefore a sequence is represented by its range. f : N - R,
then f(n) =t n e N is called a sequence and is denoted by

{f(1), f(2), fF(3),ceeerrvernernn. > =

{t, b G y=A{t}

Real Sequence : A sequence whose range is a subset of R is called a real sequence.
Examples :
(i) 2,5,8,11, ........... (i) 4,1,-2,-5 .cieinns (i) 3,-9,27,-81, .ccocvinnnnnnn

Types of Sequence : On the basis of the number of terms there are two types of sequence.
(i) Finite sequence : A sequence is said to be finite if it has finite number of terms.
(i) Infinite sequence : A sequence is said to be infinite if it has infinite number of terms.

Series : By adding or substracting the terms of a sequence, we get an expression which is called a
series. If a,, a,, @;, ....... , @, is a sequence, then the expression a, + a, + a;+ ...... + a,_ is a series.
Example. (i) 1+2+3+4+ .iunnnene. +n (i) 24+4+8+16+ ..cccueunnnns

Progression : It is not necessary that the terms of a sequence always follow a certain pattern or
they are described by some explicit formula of the n™ term. Those sequences whose terms follow
certain patterns are called progressions.

3n+2 1 . (nx
1 Write down the sequence whose nth term is @ (1) 5 (ii) n—gs'” 3

3n+2
(i) Leta = (-1)" 5 . Putting =1, 2, 3, 4,...... successively, we get

3.1+2 3.2+2

a, = —1)1£ c ]:—1 a2=(—1)2( = ]=8/5
3.3+2 3.4+2

a, = (-1)3 ( = j =-11/5 a, = (-1)* ( c ) = 14/5

1 . (nx
(ii) Leta = n_ZSIH(?j. Putting n = 1, 2, 3, 4,... successively, we get

1 (= 1 . (2n
al = 1—25|n(§j=\/3/2 az — 2—2S|n(?]:\/§/8
1 . (3=n 1 . (4=
a3 = 3—25|n(?j = 0 a4 = ?SW](?\J =_\/§/32

Hence we obtain the sequence \/5/2, \/5/8, 0, —\/5/32,...
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Ex.2 If sum of n terms of a sequence is given by S_ = 2n? + 3n, find its 50" term.
Sol. Lett isn™term of the sequencesot =s -s _,=2n+3n-2(n-1)>-3(n-1)=4n+1
so t,=201.
B. ARITHMETIC PROGRESSION (AP)
AP is a sequence whose terms increase or decrease by a fixed number . This fixed number is called the
common difference . If a is the first term & d the common difference, then AP can be written as a,
a+d,a+2d, ....... a+(n-1)d,....... .
n™ term of this APt =a+ (n-1)d, where d=a -a_, .
The sum of the first n terms of the AP is given by 7S, = g [2a+ (n-1)d] = g[a +17.
where | is the last term.
Remarks :
(i) If each term of an A.P. is increased, decreased, multiplied or divided by the same
non zero number, then the resulting sequence is also an AP .
(ii) Three numbers in AP can be taken asa-d, a, a+d; four numbersin AP can
be taken as a-3d, a-d, a+d, a+3d; five numbersin APare a-2d, a-d,
a,a+d, a+2d & sixtermsin APare a-5d,a-3d,a-d,a+d, a+3d, a+5d etc.
(iii) The common difference can be zero, positive or negative .
(iv)The sum of the terms of an AP equidistant from the beginning & end is constant
and equal to the sum of first & last terms .
(v) Any term of an AP (except the first) is equal to half the sum of terms which are
equidistant fromit. a = 1/2(a , +a.,), k<n.
For k=1,a = (1/2)(a, ,+a,,,) ; For k=2,a =(1/2)(a, ,+ a,,,) and so on .
(vi)t =S, -S_, (vii) If a,b,c are in AP=>2b =a+c.
Ex. 3 Find the sum of all the three digit natural numbers which on division by 7 leaves remainder 3.
Sol. All these numbers are 101, 108, 115,....... 997, to find n.
129
997 =101+ (n-1)7 = n=129 so S= N [101 +997] = 70821.
Ex. 4 The sum of first three terms of an A.P. is 27 and the sum of their squares is 293 . Find the sum to 'n’
terms of the A.P.
Sol. let a-d, a, a+ d bethe numbers = a=9
Also (a-d)?+ a2+ (a+d)2=293. = 3a?+ 2d?= 293 = d?=25 = d=%£5
therefore numbers are 4, 9, 14.
) n n
Hence the A.P. is 4,9, 14, ...... = s, = E [5n+ 3] or 14,9, 4, ..... = s = E [33-5n]
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Ex.5

Sol.

Let a, be the nt" term of an arithmetic progression. Let S, be the sum of the first n terms of the
arithmetic progression with a; = 1 and a; = 3ag. Find the largest possible value of S,.

2
From a; = 3agweobtain1 + 2d = 3(1 + 7d) =>d = - E
n 2 n (20—n)n
- —|2-N-)— |- —119 - (n - A G A
Then S, 2( ( )19j 1g[19 - (n-1)] TEE

now consider 20n - n2=-[n2-20n] =-[(n-10)2- 100]

100—(n-10)? _ _ _ 100
S, = 19 now, S, will be maximum ifn = 10 and (S,) 1.x = 10
Ex.6 Suppose a, a,,.... arein A.P. and S, denotes the sum of the first k terms of this A.P. If S /S_ = n*/m*
ap,,  (2m+1)°
for all m, n, € N, then prove that a,., (2n+1)3
_ S, _ nl2a+(n-1d]/2 _i:2a+(n—1)d _n®
Sol. Puttinga, =a, wehave g "= oA (-0d/2 m®  2a+(m-Nd m°
Replacing n by 2n + 1 and m by 2m + 1, we get
2a+(2n+1-1d  (2n+1)° a1 (2n+1)° . Bma _ (2m +1)*
2a+(Mm+1-d @2m+1® ~  a,, @Em+1)®  a,., (2n+1°
Ex.7 If the sum of m terms of an A.P. is equal to the sum of either the next n terms or the next p terms prove
11 11
that (m +n) m p =(m +p) m n
Sol. LettheA.P.bea,a+d, a+ 2d,....
Given T, +T,+...+T =T, +T_ _ +...+T_ ..(1)
Adding T, + T, + .... + T_ on both sides in (i), Then
2(T, + T+ AT ) =T, + T, + ..+ T +T .+ +T = 2S_ =5S_.,
m m+n
2.3{2a+(m—1)d}= 5 {2a+ (m+n-1)d}
+n
Let2a+ (m-1)d =x = mx = 5 {x+nd} ...(2)
= (m-n)x=(m+n)nd again T, + T, + ... + T =T, +T ., +...4+T --(3)
Similarly (m - p) x = (m + p) pd
divid ) by (3 m-n (m+n)n
ividin , we get = m-n) (m + =(m - m+n)n
9 (2) by (3), we get = m+ p)p = ( )(m+p)p=(m-p)( )
. . i1 11
dividing both sides by mnp, we have (m + p) n ml= (m +n) b m
i1 11
Hence (m +n) b m =(m+p) m n
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Ex.8 Show that any positive integral power (except the first) of a positive integer m, is the sum of m
consecutive odd positive integers. Find the first odd integer for m™ (r > 1).
Sol. Letusfindksuchthatm = (2k+ 1)+ (2k+3)+ .... + (2k+2m-1)
m
m" = E [2k+1+2k+2m-1] = m-t=2k+m
Note that m"~! — m is an even integer for allr, m e Nand r > 1. Therefore, k = (m"~! —=m)/2 is an integer.
Thus, the first term is given by m"~*-m + 1.
C. GEOMETRIC PROGRESSION (GP)
GP is a sequence of numbers whose first term is non zero & each of the succeeding terms is equal to
the proceeding terms multiplied by a constant . Thus in a GP the ratio of successive terms is constant.
This constant factor is called the COMMON RATIO of the series & is obtained by dividing any term by
that which immediately proceeds it . Therefore a, ar, ar?, ar3, ar4, ...... is a GP with a as the first term
& r as common ratio .
a(r“—l)
(i) n™ term =ar! (ii) Sum of the I** nterms i.e. S = 1 if r=1.
(iii) Sum of an infinite GP when |r| < 1 when n—w rm— 0 if |r| <1 therefore, S = % (<1 .
(iv)If each term of a GP be multiplied or divided by the same non-zero quantity, the resulting sequence
is also a GP .
(v) Any 3 consecutive terms of a GP can be taken as a/r, a, ar ; any 4 consecutive terms of a GP can
be taken as a/r3, a/r, ar, ar®’ & so on.
(vi)Ifa, b, c arein GP = b2 = ac.
Ex. 9 If the first term of G.P. is 7, its n® term is 448 and sum of first n terms is 889, then find the fifth term
of G.P.
Sol. Givena = 7thefirstterm t =ar""!'=7(r)" ! = 448 = 7r"=448r
arr" -1 7(r" -1 448r -7
Also S = ( )= ( ) =889 =—"""—" = r=2 HenceT,=ar*=7(2)*=112
" r-1 r-1 r-1
Ex.10 If the third and fourth terms of an arithmetic sequence are increased by 3 and 8 respectively, then the
first four terms form a geometric sequence. Find
(i) the sum of the first four terms of A.P. (ii) second term of the G.P.
Sol. a,(a+d), (a+ 2d), (a+ 3d)inA.P.
a,a+d,(a+2d+3),(a+3d+8)arein G.P. hence a+d=ar
| a+d a+2d+3 a+3d+8
alsor = = =
a+d a+2d+3
dr3 _d+5 d? + 6d + 9 = d? + 5d d 9
— = = + +9=d’+ = d=-
d d+3
a— a-15
— = = a2-18a+8l=a?-15a = 3a=81 = a=27
a a-9
hence A.P.is 27,18,9,0, G.P. is 27,18,12,8
(i) sum of the first four terms of A.P. = 54 (i) 2ndterm of G.P. = 18
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Ex.11 Three positive numbers form a G.P. If the second term is increased by 8, the resulting sequence is an
A.P. In turn, if we increase the last term of this A.P. by 64, we get a G.P. Find the three numbers .
Sol. Let the numbers be a, ar, ar> where r>20

Hence a, (ar+ 8),ar? in A.P. — (1) Also a, (ar+ 8), ar?+ 64 in G.P. — (2)
4
(2) = (ar+8) =a(ar*+ 64) = a:ﬁ — (3
16
Also (1) = 2(ar+8)=(a+ar? = (1—r)2=g — (4

From (3) and (4) r=3 or —5 (rejected). Hence a =4 numbers are: 4, 12, 36

Ex.12 The sum of the first five terms of a geometric series is 189, the sum of the first six terms is 381, and
the sum of the first seven terms is 765. What is the common ratio in this series.
Sol. S.=189;5,=381; S,=765;t,=5,-S.=381-189=192 t,=S5,-5,=765-381=384

b3
now common ratio = g =10 " 2

Ex.13 Three positive distinct numbers X, y, z are three terms of geometric progression in an order and the
numbers x + vy, y + z, z + x are three terms of arithmetic progression in that order. Prove that
XLy =X, yE, 2
Sol. Let x be first term of G.P. and y and z be the m*" and n*" of same G.P. respectively
m-1_log(y/x)
n-1 lo(z/x) (1)
Now, wehavey+z=x+y+ (m-1)dandz+ x=x+y + (n-1)d, where id ia common difference

= t =y=xr"tandt =z =xr""! whererisacommon ratio of G.P. =

m-1 z-X log(y/x) z-x
of AP. = n-1 Z_y From (1) and (2), logz/x) z-y
ﬂ
y (z)zv
= ==|— >y = 7@-x)/z-y)  x&x-vGE-y) = y(z—v) = z7Z-%  x&x-y) — xx, yY . zZ2 =X . y?. ¥
X X
Ex.14 Using G.P. express 0.3 and 1.23 as 2 form.
q
Sol. Letx=073 =0.3333............. = 0.3+ 0.03 + 0.003 + 0.0003 + .............
3
10 3 1
= i-i— 3 + 3 + 3 o = 10 t—=—=
10 100 1000 100000 -1 93
10

Let y=1.23 = 1.233333 = 1.2 + 0.03 + 0.003 + 0.0003 +.....0vvvenn.en.

3
3 3 3 202 4,5, 1 37
=12+ St St 4+ =12+ ' .
10
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Ex.15 The 15t, 2"d and 3" terms of an arithmetic series are a, b and a2 where 'a' is negative. The 1st, 2" and
3rd terms of a geometric series are a, a2 and b find the
(a) valueof aand b
(b) sum of infinite geometric series if it exists. If no then find the sum to n terms of the G.P.
(c) sum of the 40 term of the arithmetic series.

Sol. a,b,a? areinA.P. (a<0) a, a2, b arein G.P.
a
(a)2b=a+a2:>b=§(a+1) and a* = ab, a3=b since a<0 [.. a#0]
a 1
a3=§(a+1):> 2a2-a-1=0= (2a+1)(a-1)=0,a =1 (rejected as a < 0) ora=—§
, 1 ) 1( 1+1j 1 i ] 1 1 3
=—; . =-—|"5 =-— —a=--+- =
= a 2 272 5 common difference a st 5=%
a2 1x2 1
(b) common ratio r=?; r=m=—§;5ince|r|<1 .. S, exists

20
(€) S, = 20{—1+39xg} = E{—8+117} =

N o

3 545
x 109 = —1+39><§ = —

Ex.16 In an arithmetic progression, the third term is 15 and the eleventh term is 55. An infinite geometric
progression can be formed beginning with the eighth term of this A.P. and followed by the fourth and
second term. Find the sum of this geometric progression upto n terms. Also compute S_| if it exists.

Sol. Given a+2d=15 ....(1), a+10d =55 ....(2)
solving (1) and (2) .. 8d =40 d=5& a=>5
tg=40 & t, = 20 t, = 10
hence the G.P. is 40, 20, 10, ....... o (|r]| <1)hence S exists.

Ex.17 If the first 3 consecutive terms of a geometrical progression are the roots of the equation
2x3 - 19x2 + 57x - 54 = 0 find the sum to infinite number of terms of G.P.
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a
Sol. let the roots be ?, a, ar

1) 19 1 57 1) 54
l+r+= == 2| 14+r+—| == 3| l+r+—|==—= a=
a( I‘j > ...(1), a ( I‘j > ....(2), a ( I‘j > 27 ....(3) .. a=3

19r
from(1) 3(rPP+r+1)=—/— = 6r2+6r+6=19r = 6r2-13r+6=0

2
2 3
= (2r-3)(3r-2)=0 = r=§ or E (rejected)
Numb a g 3, 2 S 9/2 9x3 z
umbersare -, a, ar = 3, ©=1-(23) = 2 " 2
w 1
Ex.18 Let P = []|102"" | then find logg o (P).
n=
1
1 L S 1+1+i+i+ ...... +00 1—1
Sol. P=10'102-1022-102 . =10 2 2* 28 =10 2 =102=100 .. logy,,(P) = -1

Ex.19 A positive number is such that its fractional part, its integral part and the number itself constitute the
first three terms of a geometrical progression . Show that the n* term and the sum of the first n

T T
terms of the G.P. are, 2"~ 2 . cos" ™2 5 and 2". cos" — — 1 respectively.

5
m integral
i 2 —
Sol. X y fractional = ymm+yin GP. m?>=y(m+y)
V5 -1 m 5-1
:>y2+my—m2=OIfy=( ) putm=1;y=\/_T or
5+1 5-1 5+1
y = \/_; (not possible) G.P. \/_2 , 1, \/_2+ .... Now proceed

Ex.20 Given a three digit number whose digits are three successive terms of a G.P. If we subtract 792 from it,
we get a number written by the same digits in the reverse order . Now if we subtract four from the
hundred's digit of the initial number and leave the other digits unchanged, we get a number whose
digits are successive terms of an A.P. Find the number.

Sol. Letthe numberbe 100x + 10y + z y2=xz— (1)
792
100x+10y+z-792 = 100z+10y+z or 100(x-2)+(z-%X) =792 = x-z = E =8
X+z-4
Also 2y=x-4+z = y = — — (2)

=>X+z-4)Y =4xz=>(Xx+2)?-8(x+2)+16 =4xz2=> (x-2)?-8(xx+2)+16 =0=>x+z=10
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m+
Ex.21 One of the roots of the equation 2000x% + 100x> + 10x3 + x — 2 = 0 is of the form

is non zero integer and n and r are relatively prime natural numbers. Find the value of m + n + r.

2000x°® +100x° +10x% +x —-2=0

273
— 2000x6 + X\(20x%)" 1) _

, where m

Sol. > 2=0
aGP 10x“ -1
X(1000X6_1) 2(1000x6 - 1) 1000x6 -1 =0 . (10x? - 1)
— 5 . =" x® - xX6-1=0o0r_ % - =- = x=-(10x*-
10x* -1 10x% -1
L _ -1+41+160 -1++4/161 -1-+161
= x2= —— which is not possible 20x2 + x-2=0 =x= = or
10 40 40 40
m=-1; n=161; r=40 m+n+r=200
Ex.22 Suppose thata,, a,,........ P TP isan A.P. Let S, = A pne1 T Au o T oeeees + a,,. Prove that
S,, S,,.... are in A.P. having common difference equal to n? times the common difference of the
A.P. a,, a,.....
Sol. Wehave S, =a, , ., +3, 1.t - F+3, 1.0
Now we have a, , ., =a, + (k-1)nd; qp_nns=a; +(k-1)nd +d
Ay _pasz=a; t(k-1)nd+2d ...
(n-2nd , (n-2nd
a(k_l)n:n=a1+(k—1)d+T and S, ,,=na+n kd+T
[putting k + 1 in place of k] Hence, we have S, , -S, = n’d
which is a constant independent of k. This proves that the sequence (S,) is an A.P. having common
difference nd.
Ex.23 Ina G.P. if S, S, & S, denote respectively the sums of the first n terms, first 2n terms and first
3n terms, then provethat, S + S5 = S, (5,+S)).
a(l-r" a(@l-r>" a(l-r*
Sol. Sl=—( ) ; Sz=—( ) ; S3=—( )
1-r 1-r 1-r
TPT S,(5,-S,) = S,(5,-5)

a(t-r") —a(@-r")| _ a2(-r")
1-r (1-r)?

a2 (1-r") (r* -1
) L-n?

n
LHS a(j'_r) (r3n_rn)

=TI

Ex. 24 How many increasing 3-term geometric progressions can be obtained from the sequence

1,2,2% 23...,2"? (e.g. {2? 2°,2%} is a 3-term geometric progression for n > 8.)

Sol. Let us start counting 3-term G.P.'s with common ratios 2, 22, 23,...
The 3-term G.P.'s with common ratio 2 are 1, 2,2?%; 2, 22, 23;....... ;202,201 2n,
Theyy are (n = 1) in number. The 3-term GP’s with common ratio 22 are
1, 22,24 2, 23, 2% ....... ; 204,202, 20
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Ex.

Sol.

Ex.

Sol.

They are (n - 3) in number. Similarly we see that the 3-term GP’s with common ratio 23 are (n - 5) in
number and so on. Thus the number of 3-term GP’s which can be formed from the sequence 1, 2, 2?,
23,....,2"isequaltoS=(n-1)+(n-3)+(n-5) +......... .

Here the last term is 2 or 1 according as n is odd or even. If n is odd, then

n-1 n?-1
S=(n—1)+(n—3)+(n—5)+....+2=2(1+2+3+...+T) =2
n2
If nis even, then S=(n—1)+(n—3)+....+1=7.

Hence the required number is (n? - 1)/4 or n?/4 according as n is odd or even.

25 N=2""1(2"-1)and (2" - 1) is a prime number.
1<d <d,<..... < d, = N are the divisors of N. Show that 3 d d, d " 2.
Let2" -1 =
1,d, d, .... d, are divisors 1, 2, 2% ..., 2", 2q, ...., 2"t q respectively.
}+i+i+ +i }+1+i+ + 1 .1 }+1+i+ + 1
SO, S = 1 dl d2 dk = 172 22 2n—1 q 172 22 ..... 2n—l
21 12" (@ -D@+y _ (2"-nE") 2" _ >
Tl g ot g™ (2"-pE"h " o2t T 7

26 The first two terms of an arithmetic and a geometric progression with positive terms are equal. Prove
that all other terms of the arithmetic progression are not greater other terms of the arithmetic
progression are not greater than the corresponding terms of the geometric progression.

Let the first common term of the progression be a, and the second b. Then the nth term of the
arithmetic progression will be equaltoa + (b-a) (n - 1)

and the corresponding terms of the geometric progression has the form a(b/a) -1

And so, we have to prove that a+ (b-a) (n-1)<a (b/a)".

b b\
in other words, that a + (b-a) (n-1) -a(b/a)~*<0. or a {g_l)(n—l)—{(gj _1}} <0.

Let us rewrite the left member of this inequality as follows
n-2 n-3
(2] {m_n{@ [2) (”}
a a a a :

b b b
Considering separately the three cases E >1, E <1, ; = 1, we easily prove the validity of our inequality.
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D. ARITHMETICO-GEOMETRIC SERIES
A series each term of which is formed by multiplying the corresponding term of an AP & GP is called the
Arithmetico-Geometric Series . e.g. 1+ 3x +5x2+ 7x3+ .....
Here 1,3,5,.... are in AP & 1, x, X3, X3..... are in GP .
Sum of n terms of an Arithmetico-Geometric Series
let S, =a+(a+d)r+(a+2d)rz2+..... +[a+ (n-1)d] rmt
dr(1-r"? —_1dlr"
then Sn=i+ ( )_[a+(n )]r , r=1.
1-r (1- r)z 1-r
Sum To Infinity:If [r| <1 & n—5w then LMt m-qg s = %r+(l r)z.
- -r
Ex.27 Find th tont f th i + +3+4+5+ Also find th if it exist if
. Tttt =ttt — o,
X in e sum to n terms of the series > 2 8 16 so fin e sum if it exist if n — oo
Sol. S = AR ST on (1) > =atgtg o oni (2)
11
s 1 N 1 1 1 1 n 2 on n 1 n
EEaE R S Y N n_ ontl = = ontl N Antl
2 2 2 A 2" 2 1_} 2 2" 2
2
2™ -2-n| 2 _p p . 1 n
S, = Z{T =T If n—>othenS = L-Lrg 2—2n_1—? =2
y 1 2a 4a 8a 8
Ex.28 If positive square root of, a2 . (2a)°® . (4a)"® . (8a)"? ..... o is > find the value of 'a".
1,1, .1 © 1.2 .3 0
Sol. a[&1+2a+4a+ """ j 22&1+4a+821+ """ — E
27
1 1 1 2 2
now—(l+§+ >+ ooj = — and i+£+i+ ........ o = — (use AGP)
a 2a 4a 8a a
11 8 1)° 1
-2 (. o -l
27 3 3
M 0T<|> 0 N 394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
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1 1 1 1 X" -1
Ex.29 Prove the identity (x™! + NOR] )+ 2(x"-2 + 2 )+ ... +(n-1) (x + ;) +n= "3 1]

Sol. The sum on the left may be rewritten as follows
1 2 n-1
F+Xr1_—2+ ----- P DTt 2x 2+ L+ (n - 1) x] 4 n
1 X[(n-)x" —nx"* +1]
The first bracketed expression is equal to o [Xx+2x2+ ...+ (n-1) x""1] = X" (X — 1)’
The second bracketed expression is obtained from the first one by replacing x by 1/x. Hence, we get
the required result.
Ex.30 If x,, X,,...... X_ are n non-zero real numbers such that
O+ X2 4+ X2) (X2 o+ X3) S (X, X, + X, X, + s + X, X )2 then X, X,,..... X, arein
Sol.  We shall make use of the identity (a? +a2 +.....+a2) (b? +b2 +.....+b%) - (a,b, + a,b, + .... + a_b,_)?
= (a,b, - a,b,)*+ (a,b,-a,b)*+ ...+ (a, _,b, —-a_b__,)?
Thus, (X7 + X5+ + X2 X5+ X5+ +X3) = (X X, + X, Xy + s + X, X )2<0
= (X X5 = X,X,)? + (XX, = X;X;)* + ... + (X, _, X, =X, _, X, _,)*<0
AS X ) Xypuernaanns ,X_ are real, this is possible if and only if
) ) X3 X2 X3 Xn
- = —_ = = — x2 = - = = = =
X, X3 = X5 =X, X, =-X3 =...=X _,%X -%X*_,=0= X, X3 X, T T X
E. HARMONIC PROGRESSION (HP)

A sequence is said to HP if the reciprocals of its terms are in AP .
If the sequence a, a,, a,, .... , a, isan HP then 1/a, 1/a,, .... , 1/a_ is an AP & converse. Here we
do not have the formula for the sum of the n terms of an HP . For HP whose first term is a & second

; ) ab . 2ac a a-b
termis b, thenh"termis t = — . If a,b,c are in HP=b = or — =
" b+ (n-1)(a-b) a+c ¢ b-c
Ex.31 If a, b, c are in H.P. then prove that a3b® + b3c® + ca®> = (9 ac - 6 b?) a%c?.
Sol 2 1 + ! + 1 2 0.U 0 3 3 3=3
o. — =—-+— —+— _-—=0.Use p+q+r= +@+r= r
b 2 ¢ = c b P+q = Pp q Pq
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1
Ex.32 If 5+E+_+ =0 prove that a, b, c are in HP unless b

Sol.

Ex.33

Sol.

1

a-b _C—b a+c

a+c c-b+a-b a+c (a+c)-2b

ac +(a—b)(c—b) =0 = ac  ac-b(a+c)+b?

=0

A L—2b ach —bA? + b2\ +ack — 2abc
Let a+c=2 - ac Tac—br+b2 0= ac(ac —bx +b?)
= ach - bA2+ b +ach-2abc=0 = 2ac(hA-b)-br(A-b)=0 = (2ac-bA)(A-b)=0

2ac 2ac
= k=bork=T = a+c=bora+c=T («+a+c=12)

2ac

= a+c=borb=ﬁ = a,b,careinH.P.ora+c=b.

343
The value of xyzis 55 or E according as the series a, X, y, z, b is an A.P. or H.P. Find the values

of a & b given that they are positive integers.

Let a,%x,y,z,b areinAP. = b=a+4d = d=

3a+b a+b
= Xx=a+d-= y=a+2d= * a+3b
4 2 4

a
Similarly when a, x,y,z, b arein H.P. then d=

Hence x = 4ab _ 2ab , = 4 ab
T a+3b ' 7 a+b | T

3a+b a+b 3b
In the 1st case 7 C T .az =55 — (1)

In the 2nd case 4ab 2ab 4ab__ 343 (2)
a+3b " a+b 3a+b 55

dividing a3b*=7> = a=7 ; b=1 ora=1,; b=7

ARITHMETIC, GEOMETRIC & HARMONIC MEANS (AM, GM & HM)

Arithmetic Mean : If three terms are in AP then the middle term is called the AM between the other
two, so ifa, b, c arein AP, b is AM of a & c.

a;+a,+ag+...+a,
n

AM for any n positive number a,, a,, ... ,a is ; A=

n-Arithmetic Means Between Two Numbers :
If a, b are any two given numbers & a, A, A,, .... ,A, b arein APthen A, A,, ... A are then AM’s
between a &b .

b-a 2(b-a) n(b-a)

Al=a+——, A =a+ PR A =a+
n+1 n+1 " n+1

b-a
=a+d, =a+2d ,...... ,A =a+nd, where d=—
n n+1
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Note : Sum of n AM's inserted between a & b is equal to n times the single AM between a & b i.e.

n
Y. A =nA where Ais the single AM between a &b .
r=1

Geometric Means :If a, b, c arein GP, b is the GM between a &c.

b2 = ac, therefore b= ,Jac; a>0, ¢>0.

n-Geometric Means Between a, b :If a, b are two given numbers & a, G, G,, ..... , G, b are
inGP . Then G, G,, G;, ...., G, are n GMs between a & b.
G, = a(b/a)¥"!, G, = a(b/a)¥", ...... , G, = a(b/a)vnrt

= ar, =arz, ... = ar", where r = (b/a)¥/!

Note: The product of n GMs between a & b is equal to the nth power of the single GM between a

n
&b i.e. ) G, = (G)" where G is the single GM between a & b.

Harmonic Mean :Ifa, b, c arein HP, b is the HM between a & ¢, then b = 2ac/[a+c].

Ex.34 Prove that the arithmetic mean of the squares of 'n' quantities in A.P. exceeds the squares of their

Sol.

arithmetic mean by a quantity which depends only upon 'n' and upon their common difference .
a+b,a+2b, ........ ,a+nb

2 2 2
Hence (@a+b)? + @+ 2b)? +....... +(a+nb) _1 [na2+nab(n+l)+b

n n

,n(n+1 (2n+l)}
6

b? b?
= a+ab(n+1) + F(n+1)(2n+1) = a+ab(n+1) + €(2n2+3n+1)

a+b)+(@+2b)+.... +(@+nh))’ n+1 )\’ b2
Again {( )+ )n ( )} =(a+Tbj =a2+ab(n+1)+7(n2+2n+1)

2
n“ -1
Hence A.M. of squares — square of A.M. = [ 12 ] b?

Ex.35 Two consecutive numbers from 1, 2, 3,...., n are removed. The arithmetic mean of the remaining

Sol.

105
numbers is T Find n and those removed numbers.

Let p and (p + 1) be the removed numbers from 1, 2,...,n then sum of the remaining numbers

_ n(n2+1) C(2p+ 1)

nin+1)
105 ———(2p+1])
From given condition - 2 = 2n2-103n-8p + 206 =0

4 n-2

4r% +103(1-r)
4

Since p is an integer then (1 - r) must be divisible by 4. Let r = 1 + 4t, we get
n=2+8tandp=162-95t+ 1, Now1<p<n=1<16t2-95t+1<8t+2=t=6=n=50andp =7
Hence removed numbers are 7 and 8.

Since n and p are integers so n must be even let n = 2r. we get p =

IVRS No. 0744-2439051, 0744-2439052, 0744-2439053 www.motioniitjee.com, email-info@motioniitjee.com Nurturing potential through education
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Ex.36

13

Between two numbers whose sum is ? , an even number of A.M.'s is inserted, the sum of these means

exceeds their number by unity. Find the nhumber of means.

Sol. Letaandb be two numbers and 2n A.M.’s are inserted between a and b then
2n 13 . 13
> (@+b)=2n+1=n|7%|=2n+1. glvena+b:F = n =6 .. Number of means = 12.
Ex.37 Insert 20 A.M. between 2 and 86.
Sol. Here 2 is the first term and 86 is the 22" term of A.P. so 86 = 2 + (21) d = d=4
so the series is 2, 6, 10, 14,....... , 82,86q .. required means are 6, 10, 14,..... 82
Ex.38 A, B and C are distinct positive integers, less than or equal to 10. The arithmetic mean of A and B is 9.
The geometric mean of A and C is g,/2 . Find the harmonic mean of B and C.
Sol. A+B=18 ..... (1) AC=72 ... (2)
There are only two possibilities A =10 and B=8 or A=8 andB =10
If A =10 then from (2) Cis not an integer. Hence A =8 and B=10; C=9
H.M. bet B and C 2:10-9 180
.M. between B an = = ——
W 1049 ~ 19
Ex.39 Insert 4 H.M. bet Eandi
X. nser .M. between 3 13
13_3
. . 2 2
Sol. Letd be the common difference of corresponding A.P. so d= 5 =1
H 2 2 17 5 ' H, 2 27 7
iZ—-i-\?)zg = H =g . i=—+4=E_ N H =£
Hy, 2 2 379 " H, 2 2 47 11°
G. SUMMATION OF SERIES
n n n n n
(i > (a£b)=> a =+ > b . (i) > ka=k)> a .
r=1 r=1 r=1 r=1 r=1
n
(iii) Z k = nk ; where k is a constant .
r=1
Remarks:
n 1
@i > r= % (sum of the first n natural nos.)
r=1
1D (2n+1)
(i) z r2 = W (sum of the squares of the first n natural numbers)
r=1
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n
(iii) Z r= n* (n+1) l:zr} (sum of the cubes of the first n natural numbers)

r=1

(V)3 r = S—no(n+1)(2n+1)(3n2+3n—1)
r=1

Method Of Differences :

Letu, u, us...... be a sequence, such thatu, —u,, u; - U,,.cccceeninis is either an A.P. or a G.P. then nth
term u_ of this sequence is obtained as follows

S=u +u,+u,+...... +u ... (i) S=u +u,+......... +u _,+u, ...(i)

(i) = (i) = u =u + U, -u)+ (U -u)+ . + (u,-u _,)

Where the series (u, - u,) + (u; —u,) + ......... + (u -u_ _

2

either in A.P. or in G.P. then we can find u_  and hence sum of this series as S = Zur
r=1

Remark : It is not always necessary that the series of first order of differences i.e. u,-u,, u,-u, ... u -u

is always either in A.P. orin G.P. insuch caseletu, =T, u,-u, =T, u,-u, =T, ....... u - un_ ’ EI' .
So u =T, +T,+ ... +T, () U= T T T T, - (i
H-@)=T =T, +(T,-T)+ (T,-T,) +...... + (T, +T,_)

Now, the series (T, - T,) + (T, - T,) + ..... + (T, - T, _,) is series of second order of differences and

when it is either in A.P. orin G.P,, thenu =u, + T,

Otherwise in the similar way we find series of higher order of differences and the nt" term of the series.
If possible express r" term as difference of two terms as t_= f(r) - f(r £ 1) . This can be explained with
help of examples given below.

Ex.40 Find the sum to n terms of the series,

Sol.

0.7+7.7+0.77+77.7 +0.777 +777.7 + 0.7777 + ...... where n is even.
n=2m
s=(0.7+0.77+0.777 + ...... mterm) + (7.7 +77.7 + 777.7 + ...... m terms)
7

7
= 5(0:9+0.99 +0.999 + ... mterms) + oo ((10°-1) + (10° - 1) + ... + (107 *1-1))

7 |n 1( 1] 7 (100 (. > n
= — -1 — o 10" - 1) - —
9{29 10”’2}+90{9( )-3

©

Ex.41 Determine the sums of the following series

1. 1 35,7, &t 2. 1 3.2.17, +(—1)“’1M'
. +248 ..... ol i . _248 ..... prEng
Sol. To determine the required sums first compute the following sum
: 2nx"(x -1 — (x +D(x" -1)
1+3x+5x2+...+(2n—1)x“‘1—Z(Zk l)xkl—zz, kxk-1o D xkel= (x_1)?
k=1
. , . 1
For computing the first of the sums put in the deduced formula x = E . then we have
1 3 5 7 2n-1 1 32— 1) - 2
+ -+ -+ -+t a0 n-1)-
2 4 8 2!‘1—1 2n—1 { ( ) n}
_ 3 5 7 c2n-1 2"+ (=1)"(6n +1)
And putting x = -1/2, we find 1 - E 2 + 8 +.o +(-1)"" onl = 9ot
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Ex.42 There are n necklaces such that the first necklace contains 5 beads, the second contains 7 beads

and, in general the ith necklace contains i beads more than the number of beads in (i- 1)th necklace.
Find the total number of beads is all the n necklaces.

Sol. Let us write the sequence of the number of beads in the 1st, 2nd, 3rd, ...., nth necklaces.
n(n+1)
=5,7,10, 14, 19, ........ =(4+1),(4+3),(4+6)(4+10), (4 + 15),. ...... 14 2
nin+1
S, = Total number of beads in the n necklaces S_ = {w} +1+34+6+...+ %
ntimes
] ) 1 1
= 4n + Sum of the first n triangular numbers = 4n + Ez(n2 +n) =4n+ > (Zn% + 2n)
1inn+H(2n+1)| 1n(h+1) nn+1)(2n+1) n(n+1)
=4n+ 5 5 =4n + +
2 6 2 2 12 4
1 n
=1 [48n + 2n(n + 1) (n + 2)] E[n2+3n+26]
Ex.43 IfS,, S,, S;, ... S,, .... are the sums of infinite geometric series whose first terms are 1, 2, 3, ... n, ...
d wh ti 111 L tively, then find the val fzn_ls2
and whose common ratios are 513 A el respectively, then fin e value o gi -
1
Sol. rth series will have a = r and common ratio is m
r r(r+1
S;=" 1 = ( )=r+1 SZ=(r+1)2
1-—— r '
r+1
2n-1 2n-1
ZSZ Z(Hl) =22+324+424 ... +(2n - 1)2 4+ (2n)2 =12+ 22 + 32 + ... +(2n)2 -1
_ (2n)(2n+D(4n+1) n(2n +1)(4n + 1)
= sum of the square of the first (2n) natural numbers = 6 -1= 3 -1
Ex.44 Findthesumton-terms3+ 7+ 13+ 21 + ......
Sol. LetS=3+7+13+21+ ............. T (i)
S = 3+7+13+ (i, + T _, + T (i)
(-(i) = T =3+4+6+8+ .ccccviiniinnnnn. + (T, -T,.)
n-1
=3+T[8+(n—2)2]=3+(n—1)(n+2)=n2+n+1
nn+H(2n+1) n(n+1) n
Hence S=3X(n?+n+1)=Xn?4+3Xn+3z1= 6 + 5 =§(n2+3n+5)
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Ex.

Sol.

Ex.

Sol.

Ex.

Sol.

Ex

Sol.

45 Find the sum of n-terms 1 +4 + 10 + 22 + .......
Let S=1+4+10+ 22 + ...... +T, ()
S=1+4+10+ ........ +T _,+ T, ... (i)
2" o1
MH-(@) = T =1+(B+6+12+ ... +Tn—Tn_1)=1+3[ >_1 ] =3.2"1-2

2"-1
2-1

So S=2Tn=322”‘1—22=3.( J—2n=3.2”—2n—3

46 Find the nth term and the sum of n term of the series 2, 12, 36, 80, 150, 252
Let S=2+12+ 36+ 80+ 150 + 252 + ........ +T, ()
S=2+12+36+ 80+ 150 + 252 + ....... +T,_,+T, D)
(M=()=>T,=2+10+24+44+70+ 102 + ...... +(T,-T..) ... (i)
T,=2+10+24+44+70+ 102 + ......... + (T, ,-T, )+ -T _)..... (iv)

n
(i) - (V) =T, =T, ,=2+8+14+20+26+...=- [4+(n-1)6]=n[3n-1] =T -T _, =3n-n

n-1

general term of given seriesisX T -T _, =X 3n’-n=n°+n2%

Hence sum of this sereis is

-1

nZ(n + 1) LNn+DEn+1 _ n(n+1)

1
= 2 I
2 6 12 (3n +7n+2)12n(n+1)(n+2)(3n+1)

S=¥n’+3In?=

47 Find the general term and sum of n terms of the series 9, 16, 29, 54, 103
Let S=9+4+16+29+ 54+ 103 + .......... +T, v (D)
S=9+16+29+54+ 103+ ............ +T, _,+T, (1))
MH-@)=T,=9+7+13+25+49+ .......... +(Tn—Tn ) ... (iii)
T, =9+7+13+25+49+........ + (T, - T, )+(T T _,) ween (iV)
(i) - (V) =T -T _, =9+ (-2)+ 6+12+24+...., =7+6[2""2-1] = 6(2)" 2 +1.
(n-2)terms

Generaltermis T =6(2)""'+n + 2

(2n_1)+n(n+1)Jr2n Fon=6(20-1) + n(n+5)

Alsosum S =T =6X2""'4+3n + X2 = 6.
n 2-1 2 2

.48 The n" term, a,, of a sequence of numbers is given by the formula a, =a,_; + 2n for n>2 and

= 1. Find an equation expressing a, as a polynomial in n. Also find the sum to n terms of the

sequence.
a;=1l;a,=a,+4=14+4=5;a;=a,+6=5+6=11;a,=a;+8=11+8 =19 andsoon
hence S=1+5+11+19+ ... +a,

S= +1+5 +11+ ... +a,_;+a,
(=) —————————————

0=1+4+6+8+........ +(a,-a,_1) —a,

a,=1+2(2+3+4+....+ (@, -ay4))

(n-1) terms

n-1
a, =1+ 2-7[4+(n—2)]=1+(n—1)(n+2)=n2+n—1

sum=Ya,=yn"+>yn->1= n(n+1)(2n+1) n(n;l) -n %[(n +1)(2n+1) +3(n + 1) - 6]

n(n®+3n-1)

n n
=—[2n?2+3n+1+3n+3-6] =_[2n2+6n-2]=
6[n n n ] 6[n n ] 3
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Ex.49 Find the n™"term of the series1 + 2+ 5+ 12 + 25+ 46 + .....
Sol. Let the sum of the series by S, and nth term of the series be T
Then S,=1+2+5+12+46+..+T  +T, ...(1)
: Sn= 1+2+5+12+25+ +Tn + T, .(2)
Subtractmg (2) from (1), weget 0 =1 + 1 + 3 + 7+ 13 + 21 + .+ (T, -T _)-T,
oo T =143+7+13+21+ ...+t  +t ...(3)
(Here nth term of T_is t )
. T—1+1+3+7+13+ t o, +t ...(4)
Subtractmg (4) from (3), we get 0=1+0 + 2+4+6+8+....+(t -t _)-t
w t=14+42+4+6+8+....(n-1)terms —1+(2+4+6+8(n—2)terms)
_,4 0 ; 2) {22+(M-2-1)2y=1+(N-2)(2+n-3) =~ t=n>-3n+3
nn+H(2n+1) 3n(n+1) 3n
then T =3t =3Xn’-3xn+3x1 = - +—
n n 6 2 1
n n n
=€{2n2+3n+1—9n—9+18} Tn=€(2n2—6n+10)=§(n2—3n+5)
Alternative Method : The nth terms of the series can be written directly from the following procedure
1, 2,5,12, 25, 46,...... (given series)
1,3,7,13, 21,..... (first consecutive differences)
2,4,6,8,.... (second consecutive differences)
2,2,2,.... (constant terms)
then T, =a(n—1)(n—2)(n—3)+b(n—1)(n—2)+c(n—1)+d
Putting n=1,2, 3, 4thenwegetT,=6a+6b+3c+d=12
1 n
a=§,b=1,c=1,d=1 Hence Tn=§(n2—3n+5)
Ex.50 The squares of the natural numbers are grouped like (12); (22, 32, 42); (52, 62, 72, 8%, 92); and so on.
Find the sum of the elements in nt" group.
Sol. By observations, the last element of the n™ group = (n?)?
The number of elements in n™ group = (2n - 1)
The first element of the n*" group = (n? - 2n + 2)2
Hence sum of the numbers in n™ group are
S=(?-2n+ 22>+ (n?2-2n+3)2+ ..... + (n?)?
= S=[124+224+32+ ..... (n2)2] = [12+ 22+ 32+ ((n - 1)?)?]
S n(n? +1)(2n*+1) (n-1)%(n*>-2n+2)(2n* -4n+3)
= = -
6 6
Ex.51 The natural numbers are arranged in groups as given below ;
1
2 3
4 5 6 7
8 9 10 11 12 13 14 15
Prove that the sum of the numbers in the n*" group is 2"-2 {2" + 2"-1 -1} .
Sol. Note that n*" group has 2"-!terms . 1stterm in the n® group is 2"-* and the last term in the n*" group
N
is2"—-1. .. sum of the terms in the n® group = > (A+L); N=2n1t; A=2"1,; L=2"-1
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Ex.52 Find the n* term and the sum of n terms of the series 1, 2, 3, 6 17, 54, 171

Sol. To form the successive order of differences
1 2 3 6 17 54 171
1 1 3 11 37 117
0 2 8 26 80
2 6 18 54 ... ..
The terms of the third order of differences are in G.P. with the common ratio 3. For this we may assume
thatu = a3""' + bn®> + cn + d. To determine the constants a, b, ¢, d, we make n equalto 1, 2, 3, 4
successively. Then a+b+c+d=1,3a+4b+2c+d=2,
9a+9b + 3c+d=3, 27a+abb +4c+d=6.
1.4, 1 3
From these equations we have a = 23" '-=n*+2n a1
n
13"-1 1 nh+D(2n+1) _nn+1) 3n 1 n
Now S = U, = —. -—. +2 -— = —- (3"-1)- —= (2n?-9n - 2).
nzl‘“ 4°3-1 2 6 2 2 8l )1 ¢ )
Ex.53 Find the sum to n-terms of the series 1.2 + 2.3+ 3.4 + ........
Sol. LetT, be the general term of the series. So T =r(r+ 1)

To express t. = f(r) - f(r - 1) multiply and divide t_by [(r + 2) - (r - 1)]

So Tr=é(r+1)[(r+2)—(r—1)]=%[r(r+1)(r+2)—(r—1)r(r+1)].
1
Let f(r) = 5r(r+1)(r+2) so T =[f(r)-f(r-1)].
NowS=ZiT=T1+T2+T3+ ...... + T,
T —1 1.2.3-0
1_3[ . . - ]
T —l 2.3.4-1.2.3
2—3[ .3.4-1.2.3]
T —1 3.4.5-2.3.4
3—3[ .4.5-2.3.4]
1
Tn=§[n(n+1)(n+2)—(n—1)n(n+1)]
S=—-n(n+1)(n+ 2). Hence sum of series is f(n) - f(0).

3

394 - Rajeev Gandhi Nagar Kota, Ph. No. 0744-2209671, 93141-87482, 93527-21564
IVRS No. 0744-2439051, 0744-2439052, 0744-2439053 www.motioniitjee.com, email-info@motioniitjee.com

MorTion "

Nurturing potential through education




Page # 22 | SEQUENCE & SERIES

1 1 1
; + +
Ex.54 Sum to n terms of the series @+ )1+ 2x) (1 2x)(1+3%) L+ 3x)(1+ 4x) +.onnn

1
Sol. LetT, be the general term of the series T, = 1+ )L+ (r + 1)x)
1 1+ (r+Dx] - (1+rx) 11 1
So T.=7% @+rx)A+(r+Dx) | ~ x|1+rx 1+(r+Dx

T =f(r) - f(r + 1)

1] 1 1 n
SEXT =T AT +T+ T, = XLHX 1+(n+1)x} T @+ X))+ (n+1Dx]

1 1 1
Ex.55 (a) Sum the following series to infinity 147 Y 2710 T 71013 T e

(b) Sum the following seriesupton-terms1:-2:3:4+4+2:3:4:-54+3:4-5:-6+4+ ............

1 1 1 1 1
Sol. (3 o= 1+ (n—1)3[1+3n][4+3n] = (3n-2)(2n+D(Bn+4) ~ 6 {(3n—2)(3n+1) - (3n+1)(3n+4)}

/1 1
=614 47
1.1 1
T2=%47 710
1] 1 ~ 1
Tn= 6|(@n-2@En+) (@n+D@En+4)
I I S N 1 1
Si=2Th = 6|14 (Gn+)@n+4) |~ |24 6@Bn+D@En+4)| S NP L Se=

(b)1-2-3-442-3-4-5+3-4:5-6+ seevrerrn...

n

1
T = gn(n +1)(n+2)(n+3)[(n+4)-(n-1)]

T

l123450
5[...._]

iy

1
T,=¢gl2:3:4:5:6-1:2:3-4-5]

—
Il

1
g[n(n +1)(n+2)(n+3)(n+4)-(n-1)n(n+ 1)(n+ 2)(n+ 3)]

S,=>.T, =
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. . ) o 1 1 1
Ex.56 Find the sum to n terms and if possible also to infinity 137 + 359 + 5 7 11 + s
5 7 9
Sol. + + + o 0o
1.3.5.7 3.5.7.9 5.7.9.11
T = (2n+3) _ (2n+5) - 2
" 2n-1 (2n+1) 2n+3) (2n+5) 2n-2) 2n+1 (2n+3) (2n+5)
1 2

2n-D 2n+1) 2n+3) - 2n-1) (2n+1) (2n+3) (2n+5)

1 1 ~ 1
~ 4| @n-1) (2n+1) (2n+1) (2n+3)

2 1 1
T 6 [(Zn—l) 2n+1) (2n+3 (2n+1) (2n+3) (2n+5)}

S B O B I
1.3 3.5 3]11.3.5 3.5.7

_|
Il
N

-1 i_i i 1

27 4|35 5. 3|3.5.7 5.7.9

s - 1 |1 _ 1 _ 1 1 1

" 4 1.3 (@2n+1D (2n+3 3 11.3.5 (2n+1) 2n+3) (2n+5)

¢ . 11 1]_m1 1_m and

® 1.3 |14 15 60 3 180

s . 4 1 11 ! 6n+1

" 180 2n+1) (2n+3) 4 3(2n+5 | 180 12 2n+1 2n+3) (2n+5)

n

1
Ex.57 Evaluate th : '
X valuate the sum z& k (k+2) (K+2) ...... (k+r)

1 1 1

2 r {2.3.4 ...... (r+) 3.4.5.... (r+2)}

L1 1 ) 1 171
T ) (42 (e -1 () (12 (43 (nen | oM™ T T T et
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4 5 6
) ; + Tt +
Ex.58 Sun to n terms of the series -— ~+——— + - +
r+3 1 N 3 1 1 +§ 1 __ 1
Sol. LetT = rr+D)r+2) = r+D)r+2) rr+DHr+2) " |r+1 r+2] 2|r@r+1) (r+1r+2)

1 1

|: _:|+§ 1_—1 E_ 1 1+ 3 E_
=12 ne2) 2[2 )+ [T 4 ne2| 204074 2ntnn+2) 2Nt

n +n—1+n—2+ N 1 - n?2+3
123 T 234 T 345 T T nn+D(n+2) ® a(n+ 1)
Sol. t, the rth term of the series is given by

Ex.59 Sum of the series

n-r+1 1 1

b= renr+2) T D 02 T D2
1 1 1 1 1
=(n+1) [E_ r+1+ 2r +2)}_[r+1_ r+2} [resolve into partial fractions]

1(1 1 1( 1 1 1 1 n+1(1 1 n+1 1 1
=(n+1)| 5|~ -y - - - =— |7 - +1 -
2 r r+1) 2\r+1 r+2 r+1 r+2 2 \r r+1 2 r+1 r+2

Zn:t n+1 1— 1 n+3)(1 1 n n+3 n+3 n? +3
= =12 nt1) "L 2 Jl2 n+2)T 2 "2 "2 -
o1 (n+2) 4(n+2)

Ex.60 Find th fnt fthe series .2 + 227 + > 2% 4
. n e sum of n terms of the series —.2+—. —.
x50 ! ' M85 2377347 "a5
n on n A N B
Sol. Hereun——(n+1)(n+2)- . Let +1)(+2) n+l n+2° o, n=A(n+2)+B(h+1).
Equating the coeffs. of like powers of n, A+B=1, 2A+B=0. A=-1,B=2.
n+1 n
Now we may write u_ = - . Puttingn =1, 2, 3,...., n, we have
" n+2 n+1
22 2 23 22 24 23 2n+1 2n 2n+1
U = ———,U = — ——, U, = — ==, trrrirrrrneesn u = - . By addition, S_ = -1.
1T 3 2Ty T3 T 5Ty "Thi2 el ) "Thi2
) S ) 3 5 7
Ex.61 Find the sum of the infinite series 17222 + 52 32 + 3242
2n+1 (n+1)% —n? 1 1
Sol. Here Un = nZ(n+1)2 = n2(n+l)2 = n2 - (n+1)2
1 1 I 1 1 " _ 1
u, = i u, = 57 T g7 e u = n?2 " (n+1)? By addition, S_ =1 - (n+1)?
If n—-ow, thenS — 1. Hence the sum of the infinite series is 1.
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1 2X 3x?
+ + +...
X+1 (X+D(xX+2) (X+D(X+2)(x+3)

Ex.62 Sum to n terms of the series

n-1 n n-1 n

nx o (x X"t —x X ~ X
T (XAD(X+2) e (X+N) (X+D(X 42 (X+1N) X+ DX +2)e(X+N=1) (X +D)(X+ 2)....(X +n)

Sol. u

X X x? x? ~ x3
U= 1= 1 BT 50 (e )(x+2) " BT (x+D(x+2)  (x+D(x+2)(x+3)
Xn—l ~ Xn Xn
Un = X)X+ D)X+ n=-1) X+ DX12)(x+m) 2= 1T T DX+ 2)(x+n)

1 1 1
Ex.63 lets =1+ - +-+...... +—. Show that
n 2 3 n

Sol. (A) It is obvious that

1 1 1 1 1 1 j 1 2 n-1
— —4 = = = 1-D+|—-1|+|=—-1|+....... +|—- —n-|—=+t—+.... +—
S, =1+ Sttt —n+{( ) [2 j [3 j [n =n-|5%3 .

n-1 n-2 1 )

+1 = — ittt
].Hence,sn n+( 1 2 n-1):

1 1 1 n n(n+1)
Ex.64 If f(t) = 1+ E+§+ ------ +¥ , prove that Z Rk +1) f(k) = (n+1)2.f(n) - T
k=1
Sol. LHS=3f(1)+5f(2Q)+7f3)+ ...... + (2n + 1) f(n)
_ 1 1.1 1.1 1
—3+5(1+2)+7(1+2+3)+ ...... +(2n+1)[l+2+3+ ...... + 3
1 1
=1[3+5+7+ ...... +(2n+1)]+§[5+7+ ...... +(2n+1)]
1
+ - [7+9+...... +@2n+1)] + ... +F(2n+1)
1 1 1
= [(n+1)2-1] + P [(n+1)2-22] + 3 [(n+1)2-32] +....... + n [(n+ 1)2-n?]
11 1 n(n+1)
= (n+1)? [1+—-—+—+.... +—| - (1+2+3+..... +n) = (n+1)2f(n) - ——
2 3 n 2
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Ex.65 If 1 l+l 1 = 2, th i i+i+i+
X. 5 3 4 0g, en sum 13 55 37 49 T
Sol. If S denote the sum of the given series, then
S= i + i + i + i + = 2 1_1 + 1 l + i_i + 1_1 + .....
23 45 67 89 U 2 3) 4 5) 16 7) (8 9

1l
)
1
T
VR
T
N~
+
|
|
+
=
|
N—

} =2[1-log, 2] = 2 - 2log, 2.

i
Ex.66 Find the value of the expression . . Zl

M:

Sol.

SR IS

i=1 j=1k=1 i=1 j=1 i=1 2 - 2 i=1 i=1
1inn+H(2n+1) n(n+1) nn+1 nn+H(n+2
- + = ( ) [2n+1+3] = M
2 6 2 12 6

H. A.M.>G.M.>H.M. INEQUALITIES

Theorem : If A, G, H are respectively AM, GM, HM between a & b both being unequal & positive then,
(i) G2=AH (ii) A>G>H(G>0). Notethat A, G, H constitute a GP.
Leta,, a,, a,,....... a_ be n positive real numbers, then we define their

AM. = T, GM. = (2,8,8 000 a)¥"and H.M. =

Ex.67 If a, b, ¢, d be four distinct positive quantities in G.P., then show that

1 1 5 1 1 1
(d)a+d>b+c (b)a+£> bd+5_5

Sol. Since a, b, cd are in G.P., therefore

a+c
(a) using A.M. > G.M., we have for the first three terms

>b i.e. a+c>2b (1)
b+d )
5 >cC i.e. b+d>2c —.(2)
From results (1) and (2), wehavea+c+ b +d > 2b + 2c i.,e. a+d>b+c
which is the desired result.
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Ex.68

Sol.

Ex.69

Sol.

Ex.70

Sol.

Ex.71
Sol.

2ac
a+c

(b) using G.M. > H.M., we have for the first three terms b > i.e. ab+bc>2ac ....(3)

2hd i b d > 2bd 4
bod i.e. c+cd> ....(4)

From results (3) and (4), we haveab + cd + 2bc > 2ac+ 2bd i.e. ab + cd > 2(ac + bd - bc)

and for the last three terms c>

1 1 1 1 1
i.e. a+£ > Z(EJFE—E) [dividing both sides by abcd] which is the desired result.

If a, b, c are in H.P. and they are distinct and positive then prove that a" + c" > 2b"

Let a” and c"be two numbers then a’+ct >(@'c)”? =  a"+c>2 ()2 L (i)
Also G.M. > H.M. i.e. \/E >b (ac)v? > b"..... (i) hence from (i) and (ii) a" + c" > 2b"
Show that n" (nTJrljzn > (n )3

Consider the unequal positive numbers 13, 23, ........ n3.

Since A.M. > G.M,, therefore L2 +.... +n° > (13. 23 ....n3)¥, i.e., M > {(n 1)3}n,

n 4

2n
n+1
Raising both sides to power n, we have n”( > j > (n 13,

1

1
If a, b, c are positive real numbers such thata + b + ¢ = 1, then find the minimum value of b + be + P

1 1 1 a+b+c 1

ab bc ac  abc abc

a+b+c 1 1 1 1
——— 2(abc)* = abc< o5 = < 227.Hence ~+ -+ 227

+
Also, 27 abc ab bc ac

In the equation x* +px3 +qx? +rx+5=0 has four positive real roots, then find the minimum value of pr.
Let a, B, v, 8 be the four positive real roots of the given equation. Then

a+B+y+d=-p, af +oy+ad+Py+pS+y0 = q, ofy+oafd+ayd+pyd = -, opyd = 5.
+B+v+0 + afS +ayd + Pyd
Using AM.>GM. = — B4Y br+ap 4‘” B0+ 4faBys 4/aB%y%6° = apys =5

p r
= (_ Zj(_ Z) >5 = pr >80 = minimum value of pr = 80.
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S S 9 . -
S a+ S b + S_ o >§ where a, b & ¢ are distinct positive reals.

Ex.72 If S = a+b+ c then prove that

sol. S-S DO (5.9 b s-9f* L 0
1/3
1] 1 1 1 1 1 1
— + + s
& 3 {S—a S-b S—c} > [S—aJrS—bJrS—c} ........ (i)
Multiple ()& (i) = = 2(@+b+c) |- 4t 1 | 51
g 9 S-a S-b S-c
_ 2SS .S |y . s ,. S .S |9
" 9 |S-a S-b S-c ° S-a S-b S-c¢ 2

n-1
Ex.73 Ifa, a,,.....,a, are all positive, then show that \Ja,a, +.aa; +....+y818, < ( 5 ) (a,+a,+..... +a.).

a,+a a,+a a_,+a
Sol. Add the n (n -1) /2 inequalities /a8, <— 5 2 Jaa; <= 5 S . @, S%

and note that in the sum on the right each a, occurs n - 1 times.

For example, for n = 4, we have to consider 6 terms : \/(alaz) , \/(ala3) , \/(ala4) / \/(azas) / \/(a2a4) , \/(a3a4) .

LI |
Ex.74 Let a > 1 and n € N. Prove the inequality, a"-1 > n\a? —-a 2) .

Sol. Put a=o?

2n
a” -1
TPT= o-1 > n(a"*t-a"!) = -1 > na ! (a®-1) = 7 4 > n.o" !
(X« —
2 4 2(n-1 L
= 1+a2+a+...... +a2-Y > n "t > R‘/l.a st a?l ).Wh|ch is True as A.M. > G.M.

+ +
s—-a S-b s-c n-1
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Sol.

AM > GM = [(s—a)+(s—b)+(s—c) + ...... ] >n[(s—a)+(s—b)+(s—¢c) +...... Jv/m

{1 N } 1 o
= |s-a s-b s-c 7 g n{(s—a) (s—b) (S—C)}

. { 1 1 1 }
Multiplying [(s—a) + (s—Db) + ...... ] + + + e > n?

[(s,—a)+(s—t>)+<s—<:)+ ,,,,,, } { s s s } .-
s S s s—-a s-b s-c

[ s ,.s s | ] (ns—s) . s—a+s—b+s—c n?
...... > + .. >
= (s—a s-b s-c n® or =g s s n-1

Ex.76 If a, b, c, d are all positive and the sum of any three is greater than twice the fourth, then show that,

Sol.

abcd>(Mb+c+d-2a)(c+d+a-2b)(d+a+b-2c) (a+b+c-2d).
Use AM. > G.M.

a+b+c-2d = m, b+c+d-2a =m, c+d+a-2b =m,, d+a+b-2c =m,
m, +m, + m, "
Nowm,+m,+m,=3c = < = f > (m, m,m,)

m, + my + m,

m,+m,+m,=3d = d = 3

> (m, m,m,)¥3

m; + m, + m;

— [ A SE— 1/3
m,+m,+m, = 3a = a = 3 > (m;m, m,)
m, +m; + m, s
m,+m, +m, = 3b = b=f > (m, m m,)
Hence abcd > mym,m,m, = Result

Ex.77 If the polynomial f(x) = 4x* - ax3 + bx2 - cx + 5 where a,b,c € R has four positive real roots say

Sol.

U T R o
ris My, 3 and r,, such that 5 + 4 + 5 + g = 1. Find the value of 'a'.
R r, Iy r 1(rp r, 1 r 1 1
. L 1 2 13 4 1,2,3,°4
Consider 4 positive terms —, —, —, — AM. =~ |+ +=+— | =7 x1=—
P 2’ 4'5'8 4[2 45 sj 4 4

5 ya 1V 1
GM. = | ——— = (—8j = —. Hence A.M.=G.M. =  Allnumbers are equal
4(2-4-5-8) 2 4
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Ex.78

Sol.

Ex.79

Sol.

— k4 E_ k4 . k =
= ||r1—(2-4-5-8) = 4—(2-4-5-8) s =1/4
1 5 19
hencer1=z;r2=1, r3—z;r4=2 = Er1=7
a 19 a
butr1+r2+r3+r4=z = 7=Z = a=19

If x>0 and n e N, show that > < .
1+ X+ X+ ... +X 1+2n

n
xX<+x*>2, k=1,2,3, ... ,h = 1+ Z (X<+x*) >2n+1 Expand I and interpret
k=1
Prove that, (a,b, + a,b, + ...... +a b)? < (af + @5+ e aﬁ) (bf + 02+ bﬁ) and the equality
a a
holds, only when % =2 = ... = b—” . Also deduce that, Root Mean Square > Arithmetic Mean.
1 2 n
Consider the quadratic (a,x - b,)*> + (a,x - b,)* + ...... +(a,-b x)*>=0.
. . , . b, b, b,
This can have real root only if each of the bracket vanishes i.e. x = 3 @ T = @
1 2 n

In all other cases D<O i.e. (af + a% Foont aﬁ) x2-2(a,b,+a,b, + ...+ a b )x+ (bf + b% s + bﬁ) =0

D<0 = (a,b,+a,b,+ ... +a b)) < (af+a§+ ...... +aﬁ) (bf+b§+ ...... +bﬁ)

equality hold when both roots are equal.

If b,=b,=... =b_ then(a, +a, + ...... +a)? < (af +a5 + et aﬁ) n
a, + 8, + .+ A, \/af+a§+ ...... +al
n n
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Ex.80 If a, a,,...... ,a, are n distinct odd natural numbers not divisible by any prime greater than 5, then

1

—+— 4. +—
prove that < 2.
a, a an

Sol. Since each a, is an odd number not divisible by a prime greater than 5, a, can be written as
a, = 3" 5* where r, s are non-negative integers. Thus, for all n € N.

1 1 1 1 1 1 1 1 1 3) (5 15
—t—to At — < |ttt [Tttt = =57 =—<2.
a, a, a, 3 3 5 5 1-1/3) \1-1/5 2)\4 8

Ex.81 Let u

Sr Ugy e, , u be an A.P. of positive terms with common difference d . Prove that

n Ju?+ (n-1) du, -

-
£
Y

Sol. LHS S =

n

[2u, + (n-1)d]

NS

n-1dJ’ —1)? d?
(=Y } >u?+ (n-1)du, or %+u1d(n—1)2(n—1)du1

TPT [Ul +
or (n-1)2d>=>0 or [(n-1)d]?=>=0 which is true , equally holdsif d =0

Ex.82 A, A,,...., A aren AM’, and H, H,..... , H are n H.M’s inserted between a and b. Prove that

A +A, A?
m < ?, where A is the arithmetic mean and G is the geometric mean of a and b.
1 n

Sol. Since A, A,,...., A are n arithmetic means between a and b,

na+bA a+nb 1 _a+nb 1  an+b
1T el el ActA =a+b ..(1) Also, H, (n+Dab'H, (n+Dab --(2)
From (1) and (2)
A +A, a+b (b+na)(a+nb)(a+h) _ (b+na)(a+nb) (na+b+a+nb}2 1
H; +H, a (n+l)ab+(n+l)ab ~ (n+2ab(na+b+nb+a) (n+1)%ab < 2 (n+1)%ab
a+nb b+na
_(a+by? A? A1+An<A_2
4ab &2 = H,+H, G?°
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Ex.83

Sol.

1 1 1  a+p*+ct
If a, b, c are real and positive, prove that the inequality , —+ b +—- < EPCISI<IE
a c a c

This is equivalent to showing that, a® + b® + ¢ > a2 b2 ¢ (ab + bc + ca)

a® b® c®
or bZCZ+aZC2+azbz > ab + bc + ca — (1)
2
N ad b 0 a® b® 2 a?b? h a® b® ct a’b? b%’c® c?a?
ow |———| >0> + > us + + > + +
bc ac b*c?  c?a? c? b?2c?  a’c?  a?b? c? a’ b?
2
ab bc a’b? b?c? a’b? b?c? c?a?
again |——-——| >0 —— + —— > 2b?Thus — + —F + >~ > a2+ b*+ ¢
c a C a c a b

Finally it is well known that, a2 + b2 + ¢2 > ab+ bc+ ca

Ex.84 Establish the i lit 1+1+1+ +1>2[n+l NS
X. stablis e inequality, =t =+ . — —4/n .
auatty 2 3 Jn
Sol. r++r <+r+r+1 or 241 <Ar+4r+l
or 1 > = or i>,/r+1—\/F or i>2[,/r+1—x/7]
24r \/r +1+4r 2/r Jr
Ex.85 If x, y, z be positive real numbers such that x> + y2 + z2 = 27, then show that x3 + y3 + z3 > 81.
Sol. Applying Cauchy-Schwartz inequality to the two sets of numbers x3/2, y3/2, z32, ; x1/2, y/2, z/2
we have (X2 +y2+z22)2<(x3+y3+23) (x+vy+ 2z). ..(1)
Again, applying Cauchy-Schwartz inequality to the two sets of numbers x, vy, z; 1, 1, 1,
we have (X +vy + z)2<3(x?+ y? + z?) ..(2)
Squaring both sides of (1), we have (X2 +y2+2Z22)*<(x3+Vy3+2Z23)2(x+vy + 2)2
On using (2), the above inequality yields, (x2 + y2 + z2)* < 3(x3 + y3 + z3)2 (x> + y2 + z?)? ...(3)
Since x? + y? 4+ z2 = 27. we have from (3), (x3 + y3 + z3)2 > (81)2.
Taking positive square roots, we have x3 + y3 + z3 > 81.
o . : 1 1 1
Ex.86 Prove that for any positive integer n > 1 the inequality 1 + \/E + \/E + ...+ \/ﬁ >2(Jyn+1 - Jn)
holds true.
Sol. To prove this, reduce each term of the sum in the left-hand member:
1,2
ket~ 2kl = Vi)
Therefore, the left side of the inequality we want to prove can be reduced:
1 1 1
1+ﬁ+_3+ ..... +ﬁ>2(‘/__‘/1)+2(*/__*/§)+ ..... +2(Jn - Jn-1+20J/n+1-+n)
Since the right side of this latter inequality is exactly equal to 2 (1/n+1 - +/n ), the original inequality is valid.
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1 1 1

1
Ex.87 Prove that for every positive integer n the following inequality holds true: 9 +E+ """ + (2n +1)2 < 4

Sol.

L<i 1
(k+D)% = 2k T 2k+2

we replace the sum in the left member of the inequality to be proved by the greater expression
1 1 1 111 1 1 1 1 1
=t o+ o <l e e
32 5? (2n+1) 2/1\2 4 4 6 2n 2n+2

11 1
However, this latter expression is equal to E{E on. 2

Noting that

1 1 ) )
} = 4" an.a and, obviously, is less than

1 1
—t—t ot
1/4. Hence, the sum 9 25 (2n+1)2 is all the more so less than 1/4.

Ex.88 Prove thatifa > 0, b > 0, then for any x and y the following inequality holds true;

Sol.

2.2+ b.3+ 1< JA*X4+9¥+1 - Va2 +b? +1

By hypothesis, both sides of this inequlity are positive and so it is equivalent to the following:
(2.2*+b.3¥+1)2<(4+9+ 1) (a> + b2 +1)

or a2.4*+ b2. 9V + 1 + 2ab2*3y + 2a2x + 2b3v<4@2 + 4b? + 4+ 9Ya2+ b2+ 9+ a2+ b2+ 1

Transposing all terms of this inequality ot the right side, and then collecting like terms and regrouping,

we can write it is the equivalent form (a?9Y - 2ab2*3¥ + 4*b?) + (4 - 2a2*x+ a?) + (99-2b 3¥+ b?) >0

Since each parenthesis is a perfect square, the original inequality is equivalent to the following obvious

inequality : (a3Y - b2¥)2 + (2x - a)2 + (3¥ - b)2 > 0. Hence the original inequality is true.

Note that this inequality is also true for any real values of a and b (the proof of this fact is left to the reader).

Ex.89 If a, b, ¢, d, e are positive real numbers, suchthata+ b+c+d+e=8anda?+ b2+ c>+ d?>+ e?= 16,

Sol.

find the range of e.

a+brc+d) a?+b?+c?+d?
As we know, 2 < 2 ) (using Tchebycheff’s Inequality)
+ = +
Where a+b+c+d+e=8 and a2+ b>+c2+d>+e?=16 oi 1(2/5
Fig.

8—e) 16-¢’
< =64 +e2-16e<4(16-¢e?) = 5e2-16e<0

Equation (i) reduces to, ( 2 2

16 16
= e(5e -16) <0 {using number linerule} = 0<e< 5 Thus range fo e e [0?}
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